KAZHDAN LUSZTIG CELLS AND THE MURPHY BASIS 



MEINOLF GECK 

Abstract. Let Ti be the Iwahori-Hecke algebra associated with Sn, 
the symmetric group on n symbols. This algebra has two important 
bases: the Kazhdan-Lusztig basis and the Murphy basis. While the for- 
mer admits a deep geometric interpretation, the latter leads to a purely 
combinatorial construction of the representations of 7i, including the 
Dipper-James theory of Specht modules. In this paper, we establish a 
precise connection between the two bases, allowing us to give, for the first 
time, purely algebraic proofs for a number of fundamental properties of 
the Kazhdan-Lusztig basis and Lusztig's results on the a-function. 



1. Introduction 

Let W he a, finite or affine Weyl group and Ti be the associated generic 
Iwahori-Hecke algebra. By definition, Ti is equipped with a standard basis 
usually denoted by {T^ | w G W}. In a fundamental paper, Kazhdan and 
Lusztig ^01 constructed a new basis {C^ | w G W} and used this, among 
other applications, to define representations of 7i endowed with canonical 
bases. While that construction is completely elementary, it has deep connec- 
tions with the geometry of flag varieties and the representation theory of Lie 
algebras and groups of Lie type. An excellent account of these connections 
is given in Lusztig's survey jl6j . 

One of the main consequences of the geometric interpretation are certain 
"positivity properties" for which no elementary proofs have ever been found. 
In turn, these positivity properties allowed Lusztig to establish a number of 
fundamental properties of the basis {Ciu}, which are concisely summarized 
in a list of 15 items (P1)-(P15) in [171 14.2]. For example, one application 
of these properties is the construction of a "canonical" isomorphism from 7i 
onto the group algebra of W (when W is finite) ; see Lusztig ^2] . 

This paper arose from the desire to give elementary, purely algebraic 
proofs for (P1)-(P15) in the case where W is the symmetric group This 
goal will be achieved in Secetion 5; we will also prove a tiny piece of "posi- 
tivity" in this case, namely, the fact that the structure constants of Lusztig's 
ring J are or 1. The key idea of our approach is to relate the basis {Cy^} to 
the basis constructed by Murphy [20], [SB- The main problem in establish- 
ing that relation is that the Murphy basis elements are not directly indexed 
by the elements oiW = ©„. Indeed, those elements are written as Xgt where 
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(s, t) runs over all pairs of standard A-tableaux, for various partitions A of 
n. Now, the Robinson-Schensted correspondence does associate to each el- 
ement of &n a pair of standard tableaux of the same shape, but this works 
on a purely combinatorial level; we need to relate this to basis elements of 
7i. Eventually, we shall see that the "leading matrix coefficients" introduced 
by the author [S] provide a bridge to pass from the Kazhdan-Lusztig basis 
to the Murphy basis of Tl; see Theorem 14. 101 and Corollarv 14.111 While the 
explicit form of the base change seems to be rather complicated, our results 
are sufficiently fine to enable us to translate combinatorial properties of the 
Murphy basis into properties of the Kazhdan-Lusztig basis. 

This paper is organized as follows. In Section 2, we recall the basic def- 
initions concerning the Kazhdan-Lusztig basis of Tl, the left cells and the 
corresponding representations. In Section 3, we consider the orthogonal 
representations and leading matrix coefficients introduced by the author |5j. 
These provide an efficient tool for identifying Kazhdan-Lusztig basis ele- 
ments and irreducible representations occuring as constituents in left cell 
representations. 

In the remaining parts of this paper, we exclusively consider the case 
where W = S„ is the symmetric group. In Section 4, we recall the construc- 
tion of the Murphy basis {x^t} of 7i. One of Murphy's key results is that, 
for a fixed partition A, the submodule A^^ spanned by all basis elements Xgt, 
where (s, t) are standard //-tableaux such that A < /i, is a two-sided ideal in 
Ti.. In Theorem 14. 101 we show that the image of N'^ under a certain algebra 
automorphism is spanned by the Kazhdan-Lusztig basis elements , where 
w has a non-zero leading matrix coefficient in a representation labelled by a 
partition ^ such that X < fj.. 

Finally, in Section 5, we discuss the applications to the left cells in (3„. 
In Theorem 15.11 we characterize the Kazhdan-Lusztig pre-order relation 
^CTZ ffi terms of the dominance order on partitions. In Theorem 15.31 we 
establish Lusztig's "Property (A)" which played a decisive role in ^21- In 
Theorem 15. we interprete our results in terms of the Robinson-Schensted 
correspondence; our approach even yields a new proof for a key step in 
establishing the fact that the left cells of &n are given by the Robinson- 
Schensted correspondence. To deal with Lusztig's a-function, we rely on the 
methods developped by lancu and the author in §4] . These methods show 
that most of the properties (P1)-(P15) follow from a relatively small set of 
hypotheses which are easily seen to be satisfied thanks to the link between 
the Kazhdan-Lusztig basis and the Murphy basis; see Theorem 15. 101 

2. Kazhdan-Lusztig cells 

Let be a Coxeter group with (finite) generating set S. Until the end 
of this section, we do not need to assume that W is finite. Let / : 1^ — > N be 
the usual length function with respect to S (where N = {0, 1, 2, . . .}). Let 
A = Z,[v, v~^] be the ring of Laurent polynomials in an indeterminate v. Let 
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TL = Ti.A{W, S) be the corresponding Iwahori-Hecke algebra. Then H is free 
over A with basis {Tw \ w G W}; the multiplication is given by the rule 

Tsw if l{sw) = l{w) + 1, 

Tsw + iv- v~^)Tw if l{sw) = l{w) - 1, 

where w gW and s G S. For basic properties of W and H, we refer to [B!- 



T T 



2.1. Kazhdan— Lusztig bases. There are two types of Kazhdan-Lusztig 
bases, denoted by {Cw \ w € W} and {C^ | w G W} in the original article 
by Kazhdan and Lusztig ^U]. In jl7j, Lusztig writes instead of C'^, but 
we shall adhere to the older notation here. The precise definitions are as 
follows. 

There is a unique ring involution A A, a ^ a, such that v = v^"^. We 
can extend this map to a ring involution j: Ti ^ Ti such that 

where we write = for any w G W. Furthermore, there is an 

^-algebra automorphism 

^■.n^n, Ts^T} = -T-^ (s G 5). 

It is easily checked that j and f commute with each other. For any h G TC,we 
set h := j{h)^ = j{h^)- Thus, the map TC ^ H, h ^—^ h, is a ring involution 

such that 

^ ^ O'vjTw = ^ ^ o,wT^_i (flw G ^). 

Now, for each w G W , there exists a unique element G W such that 
C'w = C'w and C'w = Tw mod W<o, 

where 7^<o := Z]w6VF^<o^t« a-^^d ^<o := f ^-'^Z['t;^^]; see jTTl Theorem 5.2]. 
The elements {C^ | w G VF} form an A-basis of "H, and we have 



Cw ~ Tw + ^ ^ Py,w Ty, 



yew 

y<w 



where < denotes the Bruhat-Chevalley order on W and py^w G A<o for all 
y < w in W. It will be technically more convenient to work with the C-basis 
of TC. (The reasons can be seen, for example, in ^3 Chap. 18].) We set 
Cw '■= EwjiC'w)- Then we have 

Cw = Tw + Ey £w Py^w Ty for all w eW. 

yew 

yKtn 

As before, one shows that the basis element Cw is uniquely determined by 
the conditions that 

Cw = Cw and Cw = Tw mod W>o, 

where H>o := Y^weW ^>o Tw and ^>o := vZ[v]. 
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2.2. Multiplication rules. For any x, y G W, we write 

Cx C'y = X] hx,y,z C'^ where h^^y^^ G ^• 

We have the following more explicit formula ior s £ S, y G W (see (T7^ §6]): 



szKzKy 

{v + v-'^)C' ifsy<y, 



y 

where fj,z,y G Z is the coefficient of v^^ in Pz,y', see p/T, Cor. 6.5]. Using the 
relation Ct„ = £wj{Cw), we obtain the formula 

C'x — ^ ^ ^z ^T'X,y,z Cz- 

Note also that, for s € S, we have Ci. = Tg + v^^Ti and Cg = Ts — vTi. 

2.3. The Kazhdan— Lusztig pre-orders. As in Xl , §8], we write x U 
if there exists some s £ S such that /is,y,x 7^ 0, that is, C'^ occurs in Cg 
(when expressed in the C'-basis) or, equivalently, Cx occurs in Cg Cy (when 
expressed in the C-basis). The Kazhdan-Lusztig left pre-order ^£ is the 
relation on W generated by <— £, that is, we have x ^£ y if there exists a 
sequence x = xq, xi, . . . , x/^. = y of elements in W such that <— £ Xi for 
all i. The equivalence relation associated with ^£ will be denoted by ~£ 
and the corresponding equivalence classes are called the left cells of W. 

Similarly, we can define a pre-order by considering multiplication by 
C'g on the right in the defining relation. The equivalence relation associated 
with will be denoted by ^^-ji and the corresponding equivalence classes 
are called the right cells of W. We have 

This follows by using the antiautomorphism b: 7i ^ H given by TJ^ = T^-i; 
we have = C^_i and Cl = C^-i for ah w £ W; see [13 5.6]. Thus, 
any statement concerning the left pre-order relation ^£ has an equivalent 
version for the right pre-order relation ^7^, via b. 

Finally, we define a pre-order ^£7^ by the condition that x ^£7^ y if there 
exists a sequence x = xq, xi, . . . , x^ = y such that, for each i £ {1, . . . , k}, 
we have Xi-i ^£ Xi or Xi-i ^7^ Xj. The equivalence relation associated with 
^£7^ will be denoted by ~£7^ and the corresponding equivalence classes are 
called the two-sided cells of W. 

2.4. Lusztig's conjectures. For the convenience of the reader, we recall 
here Lusztig's conjectures (P1)-(P15) from |17[ Chap. 14]. (In fact, Lusztig 
formulates these conjectures in a slightly more general setting, where 7i is 
defined with respect to a weight function L on W; but we will not need to 
discuss that more general situation here.) For a fixed z £ W, we set 

a{z) := min{i ^ | hx,y,z G for all x,y £ W}; 
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this is Lusztig's function a: ^ N, introduced in J^. Note that, for 
infinite W, it is not at ah clear if a{z) < oo for all z £ W. However, Lusztig 
|17| 13.4] conjectures that this is always the case. 

Furthermore, we define A{z) E Z and 7^ S Z by the condition 



Then Lusztig 17, 14.2] conjectures that the following properties hold. 
PI. For any z (^W we have a(z) ^ 

P2. li d £ V and x,y £ W satisfy 'yx,y,d / 0, then x = y~^. 

P3. li y £ W, there exists a unique d G T> such that ^y-i^y^d 0- 

P4. If z' ^cTl z then a(z') ^ a(z). Hence, if z' ^cTl then ai{z) = a(z'). 

P5. lid£V,y %-i,y,d / 0, then 7j/-i,j/,d = nd = ±1. 

P6. Ud£V, then = 1. 

P7. For any x,y,z e W, we have jx,y,z = 7y,z,x- 

P8. Let x,y, z G W he such that 'yx,y,z 7^ 0. Then x ~£ y^^, y ~£ z~^, 

Z ~£ X"^ 

P9. If z' z and a(z') = a(z), then z' ~£ z. 
PIO. If z' z and a(z') = a(z), then z. 
Pll. If z' ^cTZ z and a(z') = a(2), then z' ^CTZ z. 

P12. Let I C S and W/ be the parabolic subgroup generated by /. If y € 
Wj, then a{y) computed in terms of Wj is equal to a.{y) computed 
in terms of W. 

P13. Any left cell (t oi W contains a unique element d (z T>. We have 

lx'\x,d + for all X G (£. 
P14. For any z G W ^ we have z ^CR. z~^ ■ 

P15. Let -y be a second indeterminate and let hx^y^z G Z[i;, v~^\ be obtained 
from hx^y^z by the substitution v ^ v. If x,x',y,w G satisfy 
a(t(;) = a(?/), then 



If is a finite or affine Weyl group then all these properties hold thanks to 
a geometric interpretation which yields the following "positivity property" : 

Vx,y G w"^N[u-^] and hx,y,z G N[w, v''^] (x, y, z G TV); 

see the discussion of the "split case" by Lusztig ^1 Chap. 15] and the 
references there; see also Springer 22 . 

Once (P1)-(P15) are known to hold, one can construct the ring J as 
explained in ^3 Chap. 18]. As an abelian group, J is free with a basis 



Pi, 2 = + combination of smaller powers of v; 

note that A{z) ^ 0. Given x,y,z £ W, we define Jx,y,z-'^ G Z by 
7x,y,2-i = constant term of ti**(^) hx^y^z G Z[f]. 

Let 



V:={z£W\ a{z) = A{z)}. 




y'eW 



y'eW 
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{tw I w £ W}. The multiplication is given by 

tx -iy =^ 7x,y,^-i tz for all x,y eW, 

where the identity element is 1 j = X^deX) ^dtd- Furthermore, we have an 
A-algebra homomorphism (p: Ti. ^ A ®% J defined by Lusztig's formula |17| 
Theorem 18.9]. Then all the methods developped in jl7l Chap. 20-24] can 
be applied to the study of the left cell representations of Ti. 

2.5. Left cell representations. Let be a left cell or, more generally, a 
union of left cells of W . We define an TY-module by [^a '■= ^fc/^^c, where 

•= {Cw I w ^£ z for some z € 't)Ai 

{Cw \ w ^ <t,w ^£ z for some z £ (t)A- 

Note that, by the definition of the pre-order relation these are left 
ideals in H. Denote by bx {x G €) the residue class of SxCx in [^]a- Then 
the elements {bx \ x £ <t} form an A-basis of [^]a and the action of 
{■w G W) is given by the formula 

Note that, since Ct = C^, this coincides with the definition in ^| §21.1]. 
Up to the change of basis b^ £xbx (x S this also coincides with the 
original definition by Kazhdan-Lusztig |lUj . 

2.6. Kazhdan— Lusztig's star operation. Let us consider two generators 
s ^ t in S such that sts = tst. We set 

'Dji{s, t) := {w £ W \ either ws < w, wt > w or wt < w, ws > w}. 

If It; € T)r{s, t), then exactly one of the elements ws, wt belongs to T>r{s, t); 
we denote it w* . The map 

VR{s,t) VR{s,t), w^w*, 

is an involution. It is readily checked that 

(a) w w* for any It; G t). 

Now let w,wi G W. Following Kazhdan-Lusztig ^1 §5], we write w ^ wi 
if there exist s,t G 5 as above such that w G 'Dji{s,t) and wi = w* . Now, 
the relations ~ and ~£ are compatible, in the following sense. Let y £ W 
be such that y ~£ w. Then, by ^3 8.6], we also have y G T>ji{s,t). Hence, 
by ^3 Cor. 4.3], we have y* ~£ w* . Consequently, we have a bijection 

(b) € X l—^ xi := X*, 
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where <t is the left ceh containing w and <Li is the left cell containing wi. 
We shall also write C ~ Ci in this situation. By |in[ Theorem 4.2] (see also 
the discussion in [El §5]), the above bijection has the following property: 

(c) f^s,x,y = for all s G and all x,y £ ^. 

This means that the action of Cs (s € 5) on the 7^-modules and [Ci]a 
is given by exactly the same formulas with respect to the standard bases of 
[€\a and respectively. Since the elements Cs (s G 5) generate Ti. as 

an A-algebra, we can even conclude that 

(c') = hw,XT,,yi for al\w and all j;, y G 

We also note the following property of the bijection in (b): 

(d) l{x) + l{y) = l{xi) + l{yi) mod 2, for all x, y G 

Indeed, by the definition of w* , we have l{w*) = l{w) it 1. This immediately 
yields (d). 

2.7. Induction from parabolic subgroups. Let I Q S and consider the 
parabolic subgroup Wj C W. Let Xj be the set of distinguished left coset 
representatives; we have 

Xj = {w (zW \ w has minimal length in wWj}. 

Furthermore, the map Xj x Wj W, (x,n) i— > xu, is a bijection and we 
have l{xu) = l{x) + l{u) for all u G Wj and all x G Xj] see Pl §2.1]. Let 
Til = {Tw I w G Wi)a ^TC he the corresponding parabolic subalgebra of H. 
For any w G Wj, we have Cw G Tii and C(„ G hence {Ct„ | w G VF/} and 
{C(„ I w G W/} are the Kazhdan-Lusztig bases of TCi. 

The linear map ej : Hi — > A defined by £i{Tw) = £wV~^'^'^'^ for any w G M// 
is an algebra homomorphism, called the sign representation. We denote by 

Indf(e7), 

the 7^-module obtained by induction from e/. According to the situation, 
we will also use the same symbol for the corresponding character. See |S1 
§9.1] for the definition and basic properties of induced modules. 

Lemma 2.8. Assume that Wj is finite and let wj G Wi be the unique 
element of maximal length. Then the following hold. 

(a) For any w G Wi, we have T^C^j = £w v^^'^'^^Cyoj . 

(b) We have Cl^ = e^.y-'^-^'^ PjC^, , where Pi = Zn^^y^,^ 

(c) The set Xjwj is a union of left cells in W ; we have 

Xjwi = {w \w wj}. 

We have [Xiwj]a = Indf (e/) = TiC^j (isomorphisms as left 7i- 
modules). 
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Proof, (a) It is well-known that l{wwj) = l{wj) — l{w) for all w G Wj. 
Hence, by [T21 Cor. 12.2], we obtain 

Applying j : H ^ H yields the expression: 

w€Wj 

Now let s S /. Then we have swj < wj and so the multiplication rule in 
((121) shows that CgCy^j = -{v + v~^)Cwj. Since Cg — Tg — vTi , this yields 
TgCwj = —v~^Cwj. The required formula for T.u,Cwj now follows by a simple 
induction on l(w). 

(b) Using (a), we have 

w€Wi 

-weWi 

(c) Let w G W he such that w wj. Then the right descent set of wj 
(which is /) is contained in the right descent set of w; see pTlj Lemma 8.6]. 
Hence we can write w = xwj where x G X^. Conversely, if x E Xj then 
l{xwi) = l{x) + l{wi) and so xwj wj. This yields the equality Xjwi = 
{w € W \ w wj}. That equality also shows that Xjwi is a union of left 
cells. Hence the module [X/tw/]^ is defined. Now it is known that Cxwj is 
the sum of TxC^j and a linear combination of terms TyC^j where y € Xj 
and y < X. (This is just a special case of ISl, Prop. 3.3], for example.) Hence 
we also have that TxCwj is the sum of Cxwj and a linear combination of 
terms Cy^^j where y G Xj and y < x. Consequently, we have 

{Cxwi I X G Xi)a = {TxCu,! I X G Xi)a, 

and it is easily seen that the subspace on the right hand side equals TiCwj- 
Hence, by the definition of induced modules, we have 

where {Cwj)a is an 7-^/-submodule of Tii affording ej. □ 
3. Orthogonal representations 

We now recall the basic facts concerning the leading matrix coefficients 
introduced in ^5 . For this purpose, we assume from now on that is a 
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finite Coxeter group. We extend scalars from A to the field K = M{v). 
Every element x €z K can be written in the form 

X = Txv'^'^ f /g where r^; G M, G Z and f,g(z 1 + uM[w]; 

note that, if x ^ 0, then and indeed are uniquely determined by x; for 
a; = 0, we have rg = and we set 70 := +00 by convention. Let 

O := {x e K \ -fx> 0} and p := {x e K \ > 0}. 

Note that O is nothing but the localisation of M[v] in the ideal (v); hence, 
O is a discrete valuation ring and p is the unique maximal ideal of O. The 
group of units in O is given by 

={xGO |r, y^0,7,. = 0}. 

Note that we have 

OnR[v,v'^] =R[v] and p n M[?;, i;"^] = uM[w]. 

The substitution v defines an M-linear ring homomorphism O ^ M with 
kernel p. The image of x G O in M is called the constant term of x. Thus, 
the constant term of x is if x G p; the constant term equals r^; if x G O^. 

3.1. Schur elements and a-invariants. Extending scalars from A to K, 
we obtain a finite dimensional i^T- algebra TIk = K ®a "H, with basis {Ty^ \ 
w G W}. It is well-known that Tix is split semisimple and abstractly isomor- 
phic to the group algebra of W over K; see, for example, (HI Theorem 9.3.5]. 
Let Irr(?^i^) be the set of irreducible characters of TIk- We write this set in 
the form 

IrvinK) = {XA I A G A}, 
where A is some finite indexing set. We have a symmetrizing trace r : Tix — > 
K defined by t{Ti) = 1 and t(T^) = for 1 / w G VF. We have 

1 if u;' = w"^, 

if -w' / w^^; 



T{Tu,Tyjl) = 

see jSl §8.1]. The fact that Tlx is split semisimple yields that 

where 7^ ca G ]R[f,f~^]. 



r = V — XA 
^^^^ 

The elements c\ are called the Schur elements. By 8, 8.1.8], we have c\ = 
Pw /D\ where Pw = Yliw&w v'^''^^^ is the Poincare polynomial of W and Dx 
is the "generic degree" associated with xa- There is a unique a (A) G N and 
a positive real number rx such that 

cx = rx v~'^"'^^^ + combination of higher powers of v; 

see ^1 Chap. 4] and |51 Def. 3.3]. The number a(A) is called the a-invariant 
of Xa- 
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3.2. Orthogonal representations. By |S1 Prop. 4.3], every xx is afforded 
by a so-called orthogonal representation. This means that there exists a ma- 
trix representation Xx : Tix i^) with character xx and an invertible 
diagonal matrix P G M^^ (K) such that the following conditions hold: 

(01) We have XA(r^-i) = P'^ ■ XxiT^f ■ P for aU w£W, and 

(02) the diagonal entries of P lie in 1 + t;M[w]. 

This has the following consequence. Let A € A and 1 ^ i,j ^ d\. For any 
h G Ti-K, we denote by 3tl{h) the (i, j)-entry of the matrix Xx{h). Then, by 
[SI Theorem 4.4 and Remark 4.6], we have 

v^^^^X'^iT^) G O and v"^^'^ X'^ (C^) G O 

for any w & W and 

yaiX)^j^j.^^ = ?;»WX^^(C^) mod p. 

Hence, the above three elements of O have the same constant term which 
which we write as £wC^ x- '^^^ constants ^ G M are called the leading 
matrix coefficients of Xx- By Theorem 4.4], these coefficients have the 
following property: 

c!"! \ = c^'_i \ for all w G W, 

w,X w '^jX ' 

X 7^ ^ some w G W. 

We have the following Schur relations. Let A,/i G A, 1 ^ i,j ^ dx and 
1 ^ k,l ^ d^; then 

Eij ki ^ ( ^ik Sji rx if A = /i, 
c^,aC«,,m - i if A 7^ u; 

see Theorem 4.4]. (Here (5jj is the Kronecker delta.) The leading matrix 
coefficients are related to the left cells of W by the following result. Recall 
that, given a left cell we have a corresponding left cell module [^]a- 
Extending scalars from ^ to K, we obtain an 'Hi^'-module [^]k- We denote 
by xc character of [<t]K- Then we have: 

Proposition 3.3. Let A G A and <t be a left cell ofW. Then we have 

[Xc ■ Xx] 7^ ^ '^w XT^ ^ /^'^ some w & (t and some i,j. 
Here, [x<t ■ Xx] denotes the multiplicity of xx in X€- 
Proof. By _5, Prop. 4.7], we have the identity 

dx 

Yl 2^(4^)^ = [^e; • any 1 ^ i ^ c^a. 

k=l j/gC 

Now assume first that [xe ■ Xx] 7^ 0. Then, clearly, we must have x ^ 
for some w £ <L and some i,j. Conversely, assume that x ^ ^ some 
w (z <t and some i,j. Then the term corresponding to y = w and k = j in 
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the sum on the left hand side is non-zero. Since there are no cancellations in 
that sum, the left hand side is non-zero and so [xc : Xx] 7^ 0) as desired. □ 

The Schur relations lead to particularly strong results when some addi- 
tional hypotheses are satisfied. 

Lemma 3.4. Assume that the following condition is satisfied for all A G A.- 
(*) rx = I and ;^ G Z for all w (zW and 1 ^ i,j ^ dx. 
Then the following hold. 

(a) We have ^ G {0, ±1} for allw£W,X€A and I ^ i,j ^ dx- 

(b) For any A G A and 1 ^ i,j ^ dx, there exists a unique w € W 
such that X 7^ ^> write w = w;s^ The correspondence 
(A,z,j) I— > WA(i,j) defines a bijective map 

{{X,i,j)} \ X£ A,l ^i,j ^dx} ^W. 

Proof. This is proved in [7J Lemma 3.8]; see also Theorem 4.10]. In order 
to illustrate the role of the conditions in (*), we just recall here the proof 
of the uniqueness statement in (b). Let A G A and 1 ^ i,j ^ dx- Then 
consider the Schur relation where X = fj,, i = I and j = k. This yields: 

E «a)^ = -a = 1. 

Since the leading matrix coefficients are integers, we conclude that there 
exists a unique w G W such that ^ = ±1 and c^ ^ = for all y G VF\{t(;}. 
Thus, we have a map {X,i,j) w = WA(i,j) as in (b). The remaining 
statements are proved in [loc. cit.]. □ 

Remark 3.5. In the setting of Lemma 13.41 let A G A and set 

m{X) :={weW \ ^ for some 1 ^ i, j ^ ^a} 

= {wA(i, j) I 1 ^ i, j ^ ^a}. 

It follows from j5j Theorem 4.4(b)] that 

(a) WA(i, = WA(j,i). 

In particular, WA(i, j) is an involution if and only of i = j. Furthermore, let 
i, j G {1, . . . , dx} and define 

(b) ^Ca :={wA(A;,i) I 1 ^ A;^dA} and := {wx{i,l) \ I ^ I ^ dx}. 

It is shown in Theorem 4.10] that ^Cx is contained in a left cell of W and 
Cj^ is contained in a right cell of W. In particular, the whole set 9^(A) is 
contained in a two-sided cell of W. 

The following two results will be useful for the identification of irreducible 
characters; they rely on Proposition 13.31 and Lemma l2.8l 
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Lemma 3.6. Assume that condition (*) in Lemma \S.4\ is satisfied. Let 
I S and A G A 6e such that 

[Indf (£/) : xx] + 0. 

Then the following hold. 

(a) We have w ^cn for any w G 5^(A) . 

(b) Suppose that a{\) = l{wj). Then 

wi G $H(A) and [xc ■ Xx] / 0, 
where C is the left cell ofW containing wj. 

Proof. By Lemma f2.8l Xjwj is a union of left cells of W; furthermore, the left 
cell module [XjWj]a affords the character Indf (e/). Hence, our assumption 
that Xx occurs with non-zero multiplicity in that induced character implies 
that there exists some left cell C of W such that 

(£ C Xjwi and [x<t : Xx] 0. 

By Proposition \'A.'A\ we have c^^ ^ for some z & <L and some i,j. In 
particular, we have z G 1H(A). Furthermore, writing z = xwj where x G X/, 
we see that z ^£ wj. Since all elements of 9^(A) are contained in a two-sided 
cell, we obtain (a). 

Now suppose that a(A) = l{wi). Let e/ G Tii^K be the primitive idempo- 
tent affording the sign representation ei of TLi^k- By Frobenius reciprocity, 
we know that ei occurs with non-zero multiplicity in the restriction of xx 
to Til. Hence we conclude that 

Xx{ei) G N and xx{ei) + 0. 

Now, by Lemma ESI we have P/ e/ = e^i v''^'^'^ Cwi- Since P/ G 1 + p, we 
obtain 

i=l i=l 
dx 

= ±^X\Xe7)^±XA(e/)^0 mod p. 

i=l 

Hence, there is some i such that c^^ x ^ so wj G fK(A). Then Proposi- 
tion EIHl shows that [xe ■ Xx] Oi where € is the left cell containing wj. □ 

Lemma 3.7. Assume that condition (*) in Lemma is satisfied. Let 
I S , X (z Xi and A G A 6e such that xwj G 9^(A). Then we have 

[Indf (e,) : xx] + 0. 

Proof. We have xwx = WA(i, j) where 1 ^ i,j ^ dx. Let C be the left cell 
containing xwx. Then Proposition 13.31 shows that [x(t ■ Xx] 0. On the 
other hand, xc is a summand in Indf (e/), by Lemma ITHl Consequently, xx 
occurs with non-zero- multiplicity in that induced character, as claimed. □ 
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Example 3.8. Let W = S„ be the symmetric group on {1, . . . ,n}. Then 
W IS a Coxeter group with generating set S = {si, . . . , Sn-i}, where Si = 
{i, i + 1) for 1 ^ i ^ n — 1. The diagram is given as fohows. 

Sl S2 Sn-l 

o — o — • • • — o 

Let TC = 7iAi&n, S) be the corresponding Iwahori-Hecke algebra. Let A„ 
be the set of all partitions of n. Then it is well-known (see, for example, 
Hoefsmit ^ or Dipper-James that we have a labelling 

IriiTiK) = {XA I A G A4. 

It will be important to specify precisely the labelling that we are using. A 
"standard" labelling is defined in §5.4]; however, in order to avoid going 
back and forth between partitions and their conjugates, we shall change that 
labelling and simply denote here by xa the irreducible character which is 
labelled by the conjugate partition A* in [loc. cit.]. (See also Corollary 14.51 
where we describe a representation affording xx-) For example, with this 
convention, is the trivial character and X{n) is the sign character of 

Ti-K- The labelling that we have chosen is characterized as follows in terms of 
induced characters (and this characterisation will be important in Section 4). 
Let A G A„. If A has parts Ai ^ A2 ^ • • • ^ 0, we set 

A+ = Ai + A2 + --- + A, for i = 1,2,3,.... 

Let Ix ■■= {1, . . . , n} \ {A+ \ i = 1,2,...}. Then h ^ S and ©a := Wi^ 
is the Young subgroup corresponding to A. Let ex be the sign character of 
the corresponding parabolic subalgebra 7ix ^ H. Then, by jH 5.4.7], the 
labelling of lii{Ti.K) is uniquely determined by the condition that 

(a) Indf^(eA) = Xa + sum of characters X/i where X< fi, 

where < denotes the usual dominance order on A„. (We have A ^ /i if and 
only if A^ ^ /i^ for i = 1, 2, 3, . . .; we write X< ^ if X < fj, and A 7^ ^.) 

The formula for the Schur elements in |;8j, Prop. 9.4.5] and the identities 
in [SI §5.4] now show that we have 

(b) rx = 1 and a(A) = l{'Wx) for any A S A„, 

where wx is the unique element of maximal length in &x. Furthermore, by 
the discussion in §5], each xa is afforded by an orthogonal representa- 
tion such that the leading matrix coefficients ^ are integers. (Since that 
discussion is somewhat sketchy, a more rigorous argument is given in [3 Re- 
mark 3.7], based on the Dipper-James construction of Hoefsmit's matrices 
in [SI Theorem 4.9].) Thus, condition (*) in Lemma 13.41 is satisfied. Hence, 
each element of 6,1 lies in 9^(A) for a unique A € A„. Furthermore, applying 
Lemma [3.61 and using (a) and (b), we obtain that wx € 9^(A). Thus, we 
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have a partition 

(c) ®" = n where wx G ^(A). 

aga„ 

Remark 3.9. In the setting of Example 13.81 we will henceforth fix, for each 
A e A n, an orthogonal representation Six: 1~Lk — ^ ^d^i-^) affording x\ such 
that the leading matrix coefficients ^ are integers. Thus, the sets 9^(A) 
are defined and we have wx G 1H(A). By Remark 13.51 we have 

^(A) = {wA(i,i) I l^i,J^dx}. 

Since wx € ^(A) is an involution, we have wx = WA(i,i) for some i. Con- 
jugating Xx by a suitable permutation matrix, we may in fact assume that 
i = 1. In the sequel, we shall always assume that Xx has been "normalized" 
in this way, that is, we have 

(a) wx = wxil,l) e9\{X). 

Let Xx be the set of distinguished left coset representatives of ©a in ©„. 
Now, by E,emark l3.5| the set ^Cx = {wA(i, 1) | 1 ^ i ^ dx} is contained in a 
left cell of &n- Hence, by Lemma 12.81 we have 

(b) WA(i, 1) = XiWx where Xi £ Xx for 1 ^ i ^ and xi = 1. 

(An explicit description of the elements Xi will be given in Remark 15.71 1 
We shall need the following result. 

Lemma 3.10. Let A € A„ and x € Xx- Assume that ji G A„ is such that 
xwx G 5^(Ai)- Then we have A < ^; furthermore, if = X, then x = Xi for 
some i £ {1, . . . , dx}- 

Proof- By Lemma |3.71 Xn occurs with non-zero multiplicity in Indf^(eA)- 
Hence Example 13.8f a) shows that A < /x. Thus, it remains to consider the 
case where A = /x. Now, by Lemma ITHl the set XxWx is a union of left cells 
of &n- Let £, C XxWx be left cells such that wx £ ^ and xwx G First 
we claim that <L = <t'- This is seen as follows. By Lemma l3.6r bl. xx occurs 
with non-zero multiplicity in X€- On the other hand, since xwx G ^(A), 
we can apply Proposition 13.31 to conclude that x\ also occurs with non-zero 
multiplicity in xc- Now assume, if possible, that £ 7^ <t'- Since X€ and xc 
both occur as summands in Indf^(eA) (see Lemma lTH)) . we conclude that xa 
occurs with multiplicity at least 2 in that induced character, contradicting 
Example 13.8f a). Thus, we must have C = <t', as claimed. 

Now let us write xwx = WA(i, j) G <t where 1 ^ i,j ^ dx- As in the proof 
of Proposition 13.31 we have the identity 

dx 

fc=l yeC 

As discussed in Remark 13.91 we have XiWx = WA(i, 1) G <t- Hence this term 
gives a non-zero contribution to the sum on the left hand side. On the other 
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hand, we also have c^yj^ \ ^ ^ ™^ ^^^^ gives a non-zero contribution. Since 
the right hand side equals 1, we conclude that xw\ = XiW\ and so x = Xj, 
as desired. □ 

Remark 3.11. Let A, /_i G A„ be such that A ^ /i. Then the multiplicity 

[Indfj^A) : Xm] 

can be expressed in a purely combinatorial way, by Young's rule. In partic- 
ular, it is known that the above multiplicity is non-zero; see, for example. 
Murphy [211 Theorem 7.2]. So Lemma 13.61 shows that w ^cTl "Wx for any 
w G Using Example I3.8f c'). we conclude that 

(a) X<fJ- ^ Wf, i^cn wx- 

In Corollary 15.11 we will see that the converse also holds, but the proof 
requires much more work. 

4. The Murphy basis 

Throughout this and the following section, we consider the Iwahori-Hecke 
algebra H = HAi&n, S), as in Example l3.81 The conventions in Eemark l3.9l 
will also remain in force. 

In two fundamental articles j^Oj and Murphy has constructed a new 
basis {xst} of Ti. whose elements are indexed by pairs of standard A-tableaux, 
for various partitions A of re. As we shall see, the elements x^t are defined 
as a mixture of basis elements and Cw Our aim is to establish a direct 
link with the Kazhdan-Lusztig basis; this will be achieved in Theorem 14. lUI 

We begin by recalling some purely combinatorial notions, where we follow 
[21j (but we let ©„ act on the left on {1, . . . ,n}). Another reference is the 
exposition by Mathas ^18 . 

As before, let A„ be the set of all partitions of n. Let A G A„ and let 
Ai ^ . . . ^ Ar > be the non-zero parts of A. The correspdonding Young 
diagram [A] is the set of all pairs such that 1 ^ z ^ r and 1 ^ j ^ Aj. 
A A-tableau is a bijection t: [A] {1, . . . , n}. We say that t is row-standard 
if the sequence t(i, 1), t(z, 2), . . . is strictly increasing for each i; similarly, 
we say that t is column- standard if the sequence t(l, j), t(2, j), ... is strictly 
increasing for each j. We say that t is standard if t is row-standard and 
column-standard. We denote by t"*" the unique standard A-tableau such that 

t^{i, j) = Ai A2 + • • • + Ai_i +j for 1 ^ i ^ r and 1 ^ i ^ A^. 

Here are some examples, where re = 5 and A = (3, 2): 



1 


2 


3 


4 


5 





1 


CO 


5 


2 


4 





1 


4 


5 


2 


3 





(standard) (row-standard) 
The group &n acts naturally on A-tableaux, the action being given by 
{w.i){i,j) := w.i{i,j) for a tableau t and w G S^- The row stabiliser of 
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t'*' is the Young subgroup ©a- As in Remark i:i9[ let X\ be the set of 
distinguished left coset representatives of 6\ in Sn- By Dipper-James [21 
Lemma 1.1], we have the following explicit description: 

-'^A = {w ^ &n I w.i^ is row-standard}. 

As in [loc. cit.], if t is a row-standard A-tableau, the unique element d € Xx 
such that t = d.t^ will be denoted by d{t). 
Let T(A) be the set of standard A-tableaux. 

Theorem 4.1 (Murphy [10], [H]). For any A G A„ and s,t G T(A), we 
define elements of H by 

x\:= ^ u'("')r^ and x^t := Td{s) x\Ta(^i)-i. 

Then the following hold. 

(a) The set {x^i | s, t G T(A) for some A G A„} is an A-basis ofH. 

(b) For any A G A„, let be the A-submodule of Ti spanned by all 
elements x^i where s, t G T(/i) for some /x G A such that A < /x. 
Then is a two-sided ideal in TC. 

The statement in (a) can be found in j2Ul Theorem 3.9] or, with a some- 
what different proof, in |211 Theorem 4.17]. The statement in (b) is proved 
in [^ Theorem 4.18] (see also [^ §5]). Note that the element that we 
denote by corresponds to the element Murphy's notation. 

Thus, the element denoted by xx in the above statement is exactly the same 
as in Murphy's work; the element denoted by x^i is only the same up to a 
power of V. However, this does not affect the validity of (a) and (b) since v 
is invertible in A. 

Murphy also obtains the following result concerning the Specht modules 
of Ti. For any A G A„, let iV'*' be the A-submodule of 7i spanned by all Xgt 
where s, t G T(iJ.) for some fi £ A such that A <i /u, that is, A < /U and A 7^ ^. 
Thus, we have 

where the sum runs over all /i G A„ such that A /x. In particular, iV^ is a 
two-sided ideal and we have N'^ = HxxH + N'^ . 

Theorem 4.2 (Murphy [HI §5]). Let A G A„. Then 

is a left TC-module, and N'^/N'^ is a direct sum of |T(A)| copies of 5'*'. 
Furthermore, the TiK-module K^aS'^ is simple, andS'^ is the contragredient 
dual of the Dipper-James Specht module defined in j2j . 

The following reformulation of Theorem 14.11 will eventually allow us to 
establish a direct connection between the Murphy basis and the Kazhdan- 
Lusztig basis. 



Kazhdan— Lusztig cells and the Murphy basis 17 

Corollary 4.3. For any A G A„ and s,t G ir(A), we set 

Vat '■= Td{s) Cwx ^d(t)-i ^ ^• 

Then y^t = ±f '^'"^■'j(xst) for all s,t. Consequently, the following hold. 

(a) The set {y^i \s,t £ T(A) for some A G A„} is an A-basis ofTi. 

(b) For any A G A„, let M'^ he the A-submodule of Ti spanned by all 
elements y^i where 5, t G T{fj,) for some fi £ A such that A ^ /x. 
Then Af"^ is a two-sided ideal in TL. 

Proof. Using the expression for C'^^ in the proof of Lemma 12.81 we immedi- 
ately see that xx = v'^"'^) ^wx' ^^^^ recall that, for any w G &n, we have 
jiTyj) = EyjT^ and j{C'^) = e^C^. Hence we obtain 

jixsi) = jiTd(s))j{^\)j{Td{t)-^) 

Since j: 7i ^ 7i is a ring involution, we now see that the statements in 
Theorem 14. II hold with x^t replaced by y^i throughout. □ 

Remark 4.4. For any A G A„, let M'^ be the ^-submodule of Ti spanned by 
all elements y^t where s, t G T{fi) for some fj, £ A such that A <i /i. Thus, we 
have 

where the sum runs over all G A„ such that A < /x. In particular, A/"^ is a 
two-sided ideal and we have Af^ = 7iCu,xT~(- + A/""^. We claim that 

j{N^) = (Ar^)t = A/-^ and j{N^) = (N^)^ = M^. 

Indeed, in the proof of Corollarv l4.l-{( we have seen that j{xx) = ±w~'("'^)C^^. 
But then we also have 

An easy induction on the dominance order, using the relations 

= nxxH + and = TiC^Ji + M^, 

now shows that (iV-^)T = = j{N^). Since this holds for all A G A„, we 
also have (N^)^ = M'^ = j{N^). Thus, the above claim is proved. 

The identification of xa in the following result relies on our conventions 
for labelling the irreducible characters in Example 13.81 

Corollary 4.5. Let X £ An. Then 

£^ ■■= {TdiB) C^, + A'^ I 5 G T(A))a C ATVAT^ 

is a left H-module, and M'^/N^ is a direct sum of |T(A)[ copies of The 
character afforded by K ®a ^'^ is XA; c,nd we have dx = |T(A)|. 
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Proof. By Remark 14. 4| the ring involution j : Tl ^ TC transforms and 
N'^ into A/''^ and Af'^, respectively. Hence we have an induced isomorphism 
of additive groups 

such that e{h.e) = j{h).6{e) for all h e H and e G N^/N^. Now, by 
Corollarv 14.31 we have j{xx) = ±i;~'("'^) C^^ and so 0(5''*) = 6^. Hence 
Theorem 14 . 2 1 implies that 6'^ is a left 7^- module such that K^aS''^ is simple; 
furthermore, Af'^/Af^ is a direct sum of [^(A)! copies of 

Thus, we see that it will be sufficient to prove that the character afforded 
by {M^)/M^)k is d\x\- (The subscript K indicates extension of scalars 
from A to K.) For this purpose, we proceed by downward induction on 
the dominance order. The unique maximal element for that order is the 
partition A = (n). In this case, we have ©(n) = ®n and X(„) = {!}. Hence 
we have AA(") = (C^(„))a and A/'(") = {0}. By LemmaHSl -A/'(") affords the 
sign character. On the other hand, by Example 13.81 X{n) also is the sign 
character and (i(„) = 1. Thus, the assertion holds in this case. Now let 
A 7^ (n). First we prove the following two statements. 

(1) // A <i /i, then does not occur in the character of{N'^/J\f'^)K- 

(2) Consider the left H-module := HC^^. Then {N^/M^)k and 

have a common simple constituent. 
To prove (1), we argue as follows. As a left TYx-module, we have 

= (M^/N'^) K e where N'^^Nk- 

By induction, we already know that d^x^i is the character afforded by 
(J\f^ /N^)k- Hence, the character of contains d^x^ as a summand. 
Since is the multiplicity of x^l in the character of the regular representa- 
tion of Hk and J\f^ is contained in TYxi we conclude that (1) holds. Now 
let us prove (2). Since C^y^ G and C^^ A/"^, the inclusion C J\f^ 
induces a non-zero homomorphism of W-modules (p: /N^. Hence, 

(2) follows. 

Now we can determine the character afforded by {M^ /J\f'^)K- Let /i G A„ 
be such that x^l is the character of a common simple component as in (2). 
By Lemma 12. 8| we have = IndfjeA). Hence, since x^J. occurs in M^, 
we must have A < ^ by Example I3.8f a). But then (1) yields that A = //. 
Thus, x\ occurs in the character of {M'^ /N^)k- Since the latter module is 
a direct sum of |'ir(A)| copies of f^, we conclude that xa is the character 
of Since £^ has dimension |T(A)|, this also yields that |'ir(A)| = d\, as 
required. □ 

Corollary 4.6. Let A,/i G A„ and h G M'^. Then X^(^) = unless A ^ /i. 

Proof. Let us assume that ?i^{h) ^ 0. We must show that X < ^. To see 
this, consider the representation afforded by the left W-module /M^. Ex- 
tending scalars to K and using Corollarv 14. 51 we see that this representation 
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is equivalent to a direct sum of copies of X^. So the condition X^{h) ^ 
implies that h.{M^ / M^) ^ 0. This means that there exist some standard 
^-tableaux s,Si,t, ti such that yg^ti occurs with non-zero coefficient in the 
decomposition of hy^t. Now, since h G and is a two-sided ideal, we 
can write hy^i as a linear combination of terms t/uo where u, D are standard 
z^-tableaux for partitions G A„ such that \ <v. One of the terms in that 
linear combination is yg^ti- Hence, we conclude that A < ^, as claimed. □ 

The following definition relies on our conventions in Remark 13 . 91 concern- 
ing the labelling of the elements in the sets 9^(A). 

Definition 4.7. Let w € Let A G A„ be such that w € 9^(A). Then 
w = where 1 ^ j ^ d\ are uniquely determined. We set 

Au. := A, Px:=Pix, Ou, := a{\) = l{wx) 
(see Example 13. 8|) and 

Note that we do need to extend scalars from A to K in order to define the 
above element. 

The following result shows that actually lies in Ti. 

Lemma 4.8. We have G J\f^ C Ti and = Z^. For w = w\, we have 

— ^wx ■ 

Proof. By 6, Prop. 3.3], we have 

CxiWx — ^-linear combination of terms TxC^^ where x G Xx, 
C^^^-i = A-linear combination of terms C^^T^^-i where y G Xx- 

(We have already used this fact in the proof of Lemma 12.81 ) Hence, Z^j is 
an A-linear combination of terms of the form 

e^, Tx Cl^ Ty-i where x, y G Xx- 

Using Lemma ['2.8l each of the above terms is equal to TxCwxTy-^ and, hence, 
lies in Ti. Consequently, we also have that Z^ lies in TlCwx'H, and this is 
contained in by Remark |131 Finally, note that v^^'^^Wx = v'^^'^^^Px. 
This yields Z^ = Z^. □ 

Lemma 4.9. Let w G 9^(A) and 1 ^ k,l ^ dx. Then we have 

^;"(^)X^'(Z^)gO and v''^^^ X^'iZ^) = ±5,kd,i mod p, 

where i, j £ {1, . . . , dx} are such that w = •wxihj)- 
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Proof. We write w = 'wx{i,j) where 1 ^ i,j ^ d\. We have a(A) = l{w\) 
by Example 13.81 Hence we obtain 

A r=l ^ 

First of all, this shows that the above expression lies in O; note that 
Pa G 1 + vZilv]. Furthermore, its constant term can be expressed by the 
leading matrix coefficients of XiW\ and XjW\. Indeed, since XiW\ = 'wx{i, 1), 
Lemma 13.41 shows that 

^a(A) (C^^^J = e^^^, C^[^^,A = ±Sk^5rl mod p. 

Similarly, since w\xj^ = wx{l,j), we have 

y-Wr;^^C^^^_,)^±Sij5ri mod p. 

Now note that Px 1 + p and so P^^ = 1 mod p. Hence, we obtain 

v'''-^^ Xl^Zj = ±5ki5ij modp, 
as desired. □ 
Theorem 4.10. Let A € A„. Then the following hold. 

(a) r]yj Cw e Zw + Af^ Q A/"^ for all w G 9^(A), where rju, = ±1, 

(b) = {Cyj i w E /or some /i € A„ suc/i t/iai A < fi)^. 

(The sign in (a) will be determined explicitly in Corollarv 15.111 ) 

Proof, (a) We proceed by downward induction on the dominance order. The 
unique maximal element for that order is the partition A = (n). In this case, 
we have &(n) = ©n, -'^(n) = {1} d(^n) = 1- Consequently, we have 

9^((n)) = {«;(„)} and Af^^^ = {C^^^^)a- 

On the other hand, we also have Z,,„ , = C,,,, ^ • Hence the desired statement 
holds in this case. Now consider an arbitrary partition A ^ (n) and assume 
that the desired statements hold for all elements in sets where A < z^. 

Let 1 ^ i, j ^ dx be such that w = wx{i,j). By Lemma 14.81 we can write 

Zw = fz Cz where € A. 

Claim (1). We have fz^'^ for all z G S„ such that A j4 A^. 

This is seen as follows. Let A be the collection of all z G S„ such that 
fz 7^ and X /\ Xz- If A = 0, there is nothing to be proved. Now assume 
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that ^ / 0. Since — we have — f ^ for all z £ ©n- Hence it will 
be sufficient to show that the non-negative number 

m := min{i ^ | € ^[v] for all z € A\ 

is actually equal to 0. Let z' ^ Ahe such that v"^fz' € has a non-zero 
constant term. Let /i G A„ be such that z' G and write z' = w^{k,l) 

where 1 ^ k,l ^ d^. Note that, by the definition of A, we have X fi ^. Now 
we obtain the following identity: 

2GS„ 

Let z € S„ be such that z G where A o z^. By induction, Cz G AA"^. 

Now Corollarv 14.61 shows that, if X^{Cz) 7^ 0, then v < ^ and so A <l a 
contradiction. Hence, the above sum need only be extended over all elements 
z ^ A. But then we have w'^/^ G and so 

^,n+a(^) ^fc^^^^^ = ^ t;™ c^;^ mod p. 

Now, we have c^^^ = unless z = z'; see Lemma 13.41 Hence we obtain 

v^^''^^'^ X^^{Z^) = 4',^ ^ it;'" fz' mod p. 

Since v"^fz' has a non-zero constant term, we conclude that the above ex- 
pression is not congruent to modulo p. In particular, the left hand side is 
non-zero. Since G M^, we can now deduce that A < //; see Corollarv 14.61 
Since we also have A fifi, we conclude that \ = fj.. Thus, we have reached 
the conclusion that 

ymf^^a(X)^kl^2^^'^^Q mod p. 

Using Lemma l4.9( we now see that m = 0. Thus, (1) is proved. 

Claim (2). We have fz = unless A < A^. 

To see this, let /i G A„ be such that X-^^. Assume, if possible, that there 
exists some z' G such that fz' 7^ 0. Let 1 ^ A;, / ^ be such that 

z' = 'w^{k,l) G Now, as above, we see that 

z 

where the sum need only be extended over all z G &n such that A ^ A^ . By 
(1), we have fz^T^ for all such elements z. Hence we obtain 

^a{^.) G O and i;'^^^) = ±/y ^ mod p, 

since c^f^ = ±1 and c^'^ = if z 7^ z'. In particular, we can now conclude 
that Xf^{Zw) 0. But then Lemma 14.61 shows that A < /i, a contradiction. 
Thus, (2) is proved. 

Claim (3). We have ±0^ G Z^ +J\f^. 
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This is seen as follows. By (1) and (2), we can write 

Zw = fzCz mod (Cy I y e 6„, A<1 Ay)A, 

where fz^Z, for all z € 1H(A). By induction, we have Cy € A/"^ for any 
y € ©„ such that A <i Ay. Thus, we have 

Zw = fz Cz mod Af'^ where fz&li- 

Now fix zq G ^(A) and write zq = v/x{k, I) where 1 ^ k,l ^ d\. In order to 
determine /^q, we multiply the above relation by and apply X^'. By 
Corollarv 14.61 we have ?i\{h) = for all h € J\f^. Hence we obtain 

Now let us take constant terms. On the left, we obtain ±1 if A; = i and 
/ = j, and otherwise; see Lemma 14.91 On the right, we obtain 

fz ^z cf x = ±fzo ■ 

zem{x) 

Hence, we obtain fz^ = ±1 if zq = w and fz^ = 0, otherwise; thus, (3) is 
proved and the proof of (a) is complete. 

(b) Let A^^ be the A-submodule of 7i defined by the right hand side of 
the desired identity in (b). Let /i G A„ be such that A < and w £ 
Since Z^, G A/"^, we can deduce from (a) that C^j € A/"^ C A/""^. Hence, we 
have 

Now note that |'ir(A)| = dx; see Corollarv 14.51 Hence, both A^'^ and Al'^ are 
free A-modules of the same rank, namely, 

i^(A)i= i^Ap= Y 

fJ-EAn fJ-^An 
\<ifi \<ifi A<!n 

Consequently, we have Kq A/""^ = Kq -M^, where Kq is the field of 
fractions of ^. So there exists some ^ f (z A such that 

that is, Af^/M'^ is contained in the torsion part of 7i/M^. But, since the 
generators of can be extended to an ^-basis of 7i, the quotient TC/Ai"^ 
is a free ^-module. Hence, we also have M"^ C A4'^, as desired. □ 

Corollary 4.11. Let A G A„ and 5,t G T(A). Then there exists a unique 
element w € 9^(A) such that 

Vst = Vw Cw + vl^lv]- combination of elements Cy where X = Xy 
+ A-combination of elements Cy where X < Xy. 
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We have w = WA(«,j), where 1 ^ i, j ^ dx are such that d{5) = Xi and 
d{i) = Xj. 

Applying the ring involution j : 7i ^ Ti. and using Corollary 14. 3[ we also 
obtain a relation with the original Murphy basis: 

^-'(wa)^;^^ _ rj'^C'^ + v~^'L\v^^]-comhination of elements C'y where X = Xy 

+ A- combination of elements C'y where X < Xy, 
where r]'^ = ed(s) Sd{i) = ±1. 

Proof. We begin with the following preliminary remarks. Let x E Xx. In 
the proof of Lemma 14.81 we have used 1), Prop. 3.3] to write Cxw^ ^ ^ 
linear combination of terms TyC^y, where y E Xx- But, the result in [loc. 
cit.\ actually yields something stronger, namely, we have 

Cxwx = TxCyj^ + ^ axyTyCw^ where axy G 

(Note that, in we work with the C'-basis; applying the ring involution 
j : Tl ^ TC yields the above reformulation.) Inverting the above relations, 
we also obtain that 

TxCw^ = Cxwx + X] bxyCyw^ where bxy G vZ[v]. 

y<x 

Now assume that x = Xi where 1 ^ i ^ dx '\s such that d(s) = x,. Let 
y G Xx be such that y < x and bxy 7^ 0. By Theorem I4.iur b). we have 
either ywx G or Cyw^ G A/"^. Hence, using Lemma [3.101 we can write 

dx 

Txfiu,^ = Cx.wx + hk Cxkwx mod 

k=l 

where bik G vZ[v]. Applying the anti-involution b: Ta, 1— > Tx-i, we can also 
write 

^A 

C^xTx-^^C^,x-^+Y,b,iC . modM' 
1=1 

where bji G vIj[v] and 1 ^ j ^ dx is such that d{i) = xj. Consequently, we 
obtain that 

dx 

Tx Cl T ^1= Cx w. C -1 + V Cki Cx,w^ C -1 mod A/"^ 

J J ' 

k,l=l 

where c^i G vl^lv]. Using the identity in Lemma 12.81 and the definition of 
Z^, we obtain that 

dx 

Vst = Z^xiiJ) + ^ ^ki Z^x{k,i) mod M^. 

k,l=l 
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Finally, Theorem 14. lOr a) yields 

dx 
k,l=l 

where we set rj^i := rjy \i y = •wx(k,l). Thus, the desired assertion holds 
where w = wx{i, j)- □ 

Example 4.12. Let n = 4 and A = (3,1). We have u^(3 i) = S1S2S1; the 
standard (3, l)-tableaux are given by 



t(3,l) 



1 


2 


CO 


4 





S3 



.t{3,l) 



1 


2 


4 


CO 





S2S3 



,t(3,l) 



1 


3 


4 


2 





Thus, we have {d G X(3_i) | d.t^^'^) G T(l,3)} = {1,53,5253}. Given 5,t € 
T(3, 1), we write yd{s),d(t) instead of y^t- With this convention, the nine 
Murphy basis elements corresponding to pairs of standard (3, l)-tableaux 
are given as follows: 



yi,i 

yi,s2S3 



vCsiS2Sl + ^SlSS 



3S2S1 ' 



^ CsiS2Si ~l~ 'yC'siS2SiS3 ~^ vCsis:iS2Si ~^ C_g_^ 

CsiS2SiS-i +C^SiS2S3S2 + ^^SlS2SlS3S2 



■S1S2S3S2 

+ vCsj^s2S3S2Si + CsiS2SiS3S2Si ; 
yS2S3,l = ^C'siS3S2Sl + C^S2SiS3S2Sl ' 
yS2S3,S3 = ^ ^SiS3S2Sl +C^S2S3S2Sl + 'f^CsiS2S3S2Sl 

+ ^(75281535281 + C'si<j2SlS3S2«l ' 
yS2«3,S2S3 ~ C^S2S3S2 ~^ ^C!siS2S3S2 + 'yC's2S3S2Sl 

+ V CsiS2S3S2Sl + ~ "U )C'siS2SlS3S2Sl 

In each case, we have underlined the Kazhdan-Lusztig basis element which 
corresponds to the Murphy basis element as in Corollarv 14.111 These exam- 
ples show, in particular, that the coefficient of Cy, where AoA^, may involve 
negative powers of v. 

5. Applications to the Kazhdan-Lusztig cells in 6„ 

We keep the setting of the previous sections. In particular, recall the 
partition 

e„ = ]J fH(A) where wx G fH(A), 
agAu 
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see Example 11181 By Remark we already know that each set 9^(A) is 
contained in a two-sided cell of ©«• Now we can prove the following result. 

Theorem 5.1. Let A,/i e A„ and x G 9^(A), y € 9^(/u). Then we have 

X ^cn y ^ A* ^ A. 

In particular, w\ ^cn if and only if fi < X. The sets 9^(A), A € A^, are 
precisely the two-sided cells of &n ■ 

Proof. If ^ < A, then w\ ^cn "Wfj. by Remark 13.111 Since each of the sets 
1H(A) and 9\{fi) is contained in a two-sided cell, we conclude that x ^cn U- 
Conversely, assume that x ^cn V- We may assume without loss of generality 
that x <— £ y or X <— 7^ y. Let us first assume that x <— £ y. This means that 
exists some h £ H such that Cx occurs in hCy (expressed in the C-basis). 
Since y S 7^(/u), we have Cy S M'^ by Theorem l4.1Uf al. Hence we also 
have hCy E since A/"^ is a two-sided ideal. But then Theorem l4.1Uf b) 
shows that hCy can be written as an j4-linear combination of elements Cz 
where ^ ^ Xz- 

Since Cx occurs in that linear combination, we conclude that 
H < X, as desired. The argument in the case where x y is completely 
analogous. The statement concerning the two-sided cells is now clear. □ 

The equivalence "u)a ^cn <^ fi < A" is not a new result. However, as 
far as we are aware of, all the previously known proofs for the implication 
rely on the geometric interpretation of the Kazhdan-Lusztig basis and 
the resulting "positivity properties". See, for example, Du-Parshall-Scott 
[H 2.13.1], where this is deduced from a result of Lusztig-Xi jl5| 3.2]. 

Lemma 5.2. Let X G ^H(A) and 1 ^ j ^ dx- Then 

y/ := + AA^ I 1 ^ i ^ dx)A C J^^/M^ 

is a left Ti-module, free over A of rank dx- We have 

Proof. First note that, by Theorem 14.101 M'^ /M'^ is free over A, with a 
basis given by the residue classes of the elements Cw where w G 9^(A). This 
already shows that each Vj' is free over A of rank dx, and that M'^ /J\f'^ is 
the direct sum of all V-^. It remains to prove that Vj' is a left 7^-module. 
For this purpose, we must prove that, for any h € TC and 1 ^ i,k ^ dx, 
there exist rj^{i,k) G A such that 

h^^x{i,j) =^^h('^^f^) C^x{k,j) mod M^. 
k=l 

First we prove this in the case where j = 1. Then 

wxii, 1) = XiWx where Xi G Xx] 
see Remark 13.91 Now, by Lemma l2.8r c). the ^-module 

{Cxwx I X G Xx)a 
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is a left ideal in 7i. Hence, for any h G TC, we can write 

hCx^wx = rh{i,x)Cxwx where rh{i,x) £ A. 

x€Xx 

Now let X G Xx and ^ E A„ be such that xwx G ^H(/i). Then, by Lemma ri.lUl 
we have either X < fj, or x = Xk for some k G {1, . . . , dx}. By Theorem I4.1U1 
the former condition implies that Cxwx ^ Consequently, we have 

dx 

hCx.wx = ^^fh{i,Xk) Cxf^wx 

k=l 

Thus, the desired assertion holds where we set r\{i,k) := rh{i,Xk)- 

Now let j > 1- By Theorem 14.101 there exist signs r]ij = ±1 such that 

Cx,wxCn,xx~^ = Vij C^xiiJ) for 1 ^ i ^ dA- 

We shall now set 

r^(i, k) := T]ij r]kj r\{i, k) for l^i^k^dx- 
Then, since A/"^ is a two-sided ideal, we obtain 

^^^xihj) = ^iji^^xiwx)'^wxx-^ 
dx 

= Vij ^hi^^ ^) ^^kwx^wxx-^ 
k=l ^ 

dx 

= Vij Yl ^h{i, ^) C^xikJ) 
k=l 

dx 

= Yr{{i,k)C^^^k,j) 

k=l 

as desired, where all of the above congruences are taken modulo M"^. □ 

Theorem 5.3. Let x,y £ &„,■ Then we have the following implication: 

X i^cy and X r^cTl U =^ x ^cU- 

Proof. Let x,y € S„ be such that x U and x ^cn U- Since the relation 
^£ is defined as the transitive closure of <— £, it will be sufficient to consider 
the special case where x <— £ y. Now, since x ~£7^ y, we have x, y G 9^(A) 
for some A G 9^(A); see Theorem 15.11 Thus, we have y = wxihj) where 
1 ^ ^ d\- By Lemma 15.21 we have 

dx 

hCy = hC^^^ij) = ^ rl{i, k) C^^(k,j) mod M^, 

k=l 

where rj^{i,k) G A. By Theorem 14. 101 and Theorem 15.11 Af^ is spanned by 
elements Cw where w ^cTl U but w '/'cn y. Hence, our hypothesis that 
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Cx occurs in the decomposition of hCy implies that either x = wr\{k,j) for 
some \ ^ k ^ d\ OY X ^cn V- Hence, we must have x = •wx{k,j) and so 
X y by Remark 13.51 □ 

Again, the above result is not new (and the conclusion is known to hold 
for more general types of Coxeter groups). But, even for the symmetric 
group &n, it was first proved by Lusztig l^j Lemma 4.1] using the (deep) 
connection between cells and primitive ideals in universal envelopping al- 
gebras via the main conjecture of Kazhdan-Lusztig 10 . Another proof, 
applicable to finite and affine Weyl groups, was given by Lusztig m], using 
the geometric interpretation of the Kazhdan-Lusztig basis and the resulting 
"positivity properties" . 

The following result was first obtained by Kazhdan-Lusztig jlUl Theo- 
rem 1.4], as a consequence of the combinatorial description of the left cells 
in terms of the Robinson-Schensted correspondence. (We will come back to 
the latter point in Theorem 15.61 ) 

Theorem 5.4. For each left cell C of &n, we have xe G ^^^{T~(-k)- Further- 
more, two left cells C, afford the same character if and only if(t, C 9^(A) 
for some A G A„. The total number of left cells equals Yl\eA„ ^A- 

Proof. For A E A„ and I ^ j ^ dx, we set 

^Cx ■.= {wx{iJ)\l^i^dx}^9\{X). 

By Remark 13.51 the above set is contained in a left cell of S„. We claim 
that ^Cx is a left cell. Since ^£ is defined as the transitive closure of the 
relation <— £, it is enough to prove the following statement. 

Let y £ ^Cx and h £ 7i. Then hCy is a linear combination of basis 
elements Cx where x £ €.j or x <cn U- 

This is proved as follows. By Lemma 15.21 we can write hCy as a linear 
combination of basis elements Cx where x € ^Cx, and some element of J\f^. 
But, by Theorem 14.101 and Theorem 15.11 M"^ is spanned by basis elements 
Cm where w <cn U- This yields the above statement. Thus, ^Cx is a left 
cell, as claimed. Now it is clear that we have a partition 

AeA„ j=i 

Hence, the sets ^Cx are precisely the left cells of S„. The remaining state- 
ments concerning the characters of the left cell representations now follow by 
a standard counting argument. Indeed, since Tix is semisimple, the above 
partition yields an isomorphism of left TYx-modules 

dx 

^^=00 PCa]k. 

AeA„ i=i 
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Thus, TLk (regarded as a left "Hi^-module) has a decomposition into a direct 
sum with d\ terms. Now recall that the latter number is the sum of 
the dimensions of all irreducible representations of "Hk (up to equivalence) . 
Hence, by Wedderburn's Theorem, d\ is the maximum number of terms 
in a direct sum decomposition of TLk- Consequently, each direct summand 
PCa],^: must be a simple TYx-module. Thus, we have shown that is a 
simple TYx-module for any left cell C Finally, we claim that 

X\ = character afforded by pCAli^-. 

Indeed, since C 91(A), Proposition 13.31 shows that xa occurs in the 
character afforded by PCa]/^. Since the latter is irreducible, we have equality, 
as desired. We conclude that two left cells afford the same character if and 
only if these two left cells are both contained in ^H(A) for some A. □ 

Let us recall some basic facts concerning the Robinson-Schensted corre- 
spondence. We use Knuth §5.1.4] as a reference. Recall that, for any 
A G A ni we denote by ir(A) the set of all standard A-tableaux. Then the 
Robinson-Schensted correspondence defines a bijection 

W (T(A) X T(A)) ^ &n- 
AeA„ 

If s, t G ir(A), we denote by 'Kxis, t) the corresponding element of S„,. Given 
w G ©n; the pair (s,t) such that w = 7rA(s,t) can be constructed explicitly 
by the "insertion algorithm" |1H p. 49]. The tableau s is obtained by "in- 
serting" the numbers from the sequence {w.l, w.2, . . . , w.n) into an initially 
empty tableau; the tableau t "keeps the record" of the order in which the 
positions in 5 have been filled. For example, applying the insertion algorithm 
to the element wx where A G A„, we obtain 

where A* denotes the conjugate partition. 

We shall need the following property of the Robinson-Schensted corre- 
spondence. 

Proposition 5.5 (Knuth). Let A G A.„ and s,s' ,t,t' G 'ir(A). We set 

w := IT x{5,t) and w' := irxis' ,t'). 

Then we have s = s' if and only if w, w' are linked by a finite sequence of 
"star operations", that is, there exists a sequence w = yo,yi, . . . ,yk = w' of 
elements yi G S„ such that yi-i ~ yi for all i, where ~ is defined in h2.f)]) . 

For the proof, see Exc. 4 in |1H §5.1.4]. Note that Knuth shows that we 
have s = s' if and only if the permutations w, w' can be transformed to each 
other by a finite sequence of so-called "admissible transformations". It is 
readily checked that the latter condition is equivalent to the fact that w, w' 
are linked by a finite sequence of "star operations", using the characteri- 
sation of l{w) as the number of pairs such that 1 ^ i < j ^ n and 
w{j) > w{i). See also §3.2] for more details. 



Kazhdan— Lusztig cells and the Murphy basis 



29 



Now we can prove the following result. The statements in (a) and (b) are 
due to Kazhdan-Lusztig ^| §5], but the proof given there is quite sketchy. 
A complete, self-contained proof, based on the methods in |10| §4], is given 
by Ariki The proof that we give here is different as far as the (more 
difficult) implications "=^" are concerned. Note also that (c) is neither 
proved in TO^ nor in jj. 

Corollary 5.6. Let w^w' € ©«• Let X, fi E A„ be such that w = TT\{5,t) 
where s,t E T(A) and w' = 7r^(s',t') where s',t' E Then the following 

hold: 

(a) w w' <^ X = fi and s = s', 

(b) w ~£ w' <^ X = fi and t = t', 

(c) w ^cn w' ^ X = fi. 

In particular, the intersection of a left cell and a right cell is either empty 
or a singleton set. Furthermore, for any X E A„, we have 

9^(A) = {7rA*(u,D) |u,OET(A*)}, 

where X* denotes the conjugate partition. 

Proof. First note that d\ = |T(A)| for any A E A„; see Corollary 14.51 

(a) Let A E A„ and 5 E T(A). By Proposition 15.51 and ()2.6|) fa). the set 

T(A,s) ■.= {TTx{5,t) I iGT(A)} 

is contained in a right cell. Now note that the family of sets 

{T(A,s) I A E A„,s E T(A)} 

forms a partition of S^, and that there are Yl\d>y pieces in that partition. 
On the other hand, by Theorem 15.41 the latter number also equals the 
number of all left cells of &n, and that number is the same as the number 
of all right cells. Hence each set T(A,s) must be a right cell. 

(b) We have 7rA(s,t)"^ = 7rA(i,s) for all A E A„ and 5,i E T(A); see 
Theorem B in jlll §5.1.4]. Hence the assertion follows from (a). 

(c) Let A E A„. Then, by (a) and (b), the set {7rA(s,t) | s,t E T(A)} is 
contained in a two-sided cell of S„. Using Theorem 15.11 we can now argue 
as in the proof of (a) to conclude that the above set is a two-sided cell. 

Finally, consider the statement concerning 1H(A). By Remark l3.91 we have 
wx E 9\{X). On the other hand, applying the "insertion algorithm" to w\, 
we see that wx = ttx*{uo,Vo) for some standard A*-tableaux Uo,Do- Now 
Theorem and (c) imply that 1H(A) = {7rA*(u, d) | u, D E T(A*)}. □ 

Remark 5.7. Once the above result is established, we can also identify the 
elements Xi in Remark 11191 Indeed, for A E A„, the set 

^Cx = {xiWx I 1 ^ i ^ c^a} 
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is the left cell containing w\. Then the Robinson-Schensted correspondence 
shows that 

'Cx = {di5)wx I 5 e T(A)}; 
see |191 Lemma 3.3] and the references there. We also remark here that, in 
jl9l Theorem 3.5], McDonough and Pallikaros construct an explicit isomor- 
phism of 7Y-modules from [^Ca]^ onto the Specht module 5^ , where A* is 
the conjugate partition. 

Corollary 5.8. Let A € A„ and be two left cells contained in 9^(A). 

Then there is a unique bijection (L ^ di, x Xi, such that the following 
conditions are satisfied: 

(a) X xi for all x G 

(b) hw,x,y = hw,xi,yi for all x,y e<L and w G 6„. 

Thus, the Ti-modules [^]a and are not only isomorphic, but they even 

afford exactly the same matrix representations with respect to the standard 
bases of [€]a and [€]a, respectively. 

Proof. This follows by the argument in §5]. Indeed, by Corollary 15. HI 
and Proposition 15. 5| (t and G^i can be linked by a finite sequence of star 
operations. Hence the assertions follow from (|2.6|) . □ 

Finally, we turn to the properties (P1)-(P15) in (|2.4j) . Recall that, for 
any w G S„, we defined a^, := a(A) = l{wx), where A G A„ is such that 
w G 9^(A); see Definition O 

Lemma 5.9. Let x,y G &n and assume that x ^cn U- Then we have 
oty ^ ax, with equality only if x ^CR. V- 

Proof. Let A,/i G A„ be such that x G 9^(A), y G By Corollary [Q 

we have (J. ^ \. This implies a(/i) ^ a(A) with equality only if A = see, 
for example, [HI (5.4.2) and Exc. 5.6]. Thus, we have ay ^ ax, with equality 
only if A = /i. Finally, by Theorem 15.11 we have x y if A = ^u. □ 

Theorem 5.10. We have Si{w) = a^ for any w G S„. Furthermore, the 
properties (P1)~(P15) in \2.4\} hold, where the set of "distinguished involu- 
tions" is given by 

V = {z e &n \ z'^ = 1}. 
The constants Jx,y,z are given as follows. Let x,y,z G (3„ and d (z T> be such 
that y~^ d. Then we have 

^ ( rid if X r^cy~^, y z''^ , z r^cx~^, 

lx,y,z Q otherwise. 

Furthermore, Ud = I for any d T>. Lusztig's ring J, see \2.4^ , is isomor- 
phic to the direct sum of the matrix rings M(i^{'L) (X G An). 



Kazhdan— Lusztig cells and the Murphy basis 



31 



Proof. First we determine a{w) and show that (P1)-(P15) hold. Since con- 
dition (*) in Lemma 13.41 is satisfied, we can apply the results in [3 §4]. By 
Lemma 15.91 the hypotheses of [3 Lemma 4.4] are satisfied. Hence we have 
a{w) = aw for any w E ©„. Once the identity aiw) = is established, 
Lemma l5 . 91 shows that (P4) and (PH) hold. 

But then we can also apply [3 Lemma 4.6] and this yields (PI), (P2), 
(P3), (P5), (P6), (P7), (P8) and (P14). Since all of the above properties 
hold for any parabolic subgroup of 6^) (P12) also holds; see the argument in 
[T7| 14.12]. By Theorem 15. 41 we have xc ^ Irr('^A") for any left cell C Hence 
Lemma 4.8] yields that (P13) holds and that V = {z ^&n\z^ = 1}. By 
[3 Remark 4.10], we have 



The statement about the structure of J is contained in Ffl Lemma 4.9]. 

Next we show that (P9), (PIO) hold. Now, by [13 14.10], property (PIO) 
is a formal consequence of (P9). To prove (P9), let x,y S ©„ be such that 
^ y and a(x) = a(y). By (Pll), we obtain x ^CR V- Hence Theorem 15. 31 
implies a; ~£ y, as desired. 

It remains to consider (P15). Since (P4), (P9), (PIO) are already known 
to hold, (P15) can be reformulated as explained in ^3 14.15]. But then we 
can argue as in ^1 15.7] to conclude that (P15) hold. (Note that we are in 
the case of equal parameters; the "positivity properties" are not required in 
[13 15.7].) Thus, we have proved (P1)-(P15) for W = ©„. 

Next, let x,y,z G 6„ and d G P be such that x ~£ y ~£ z~^, 
z ~£ x^"^ and d. We show that 'yx,y,z = Now, by Theorem 15.11 

we have x,y,z G 9^(A) for some A G 9^(A). Furthermore, there exist 1 ^ 
hj^dx such that 

x = wx{i,j), y = wx{j,k), z = wx{k,i), d = wx{j,j). 

(See Remark 13.51 and note that, by the proof of Theorem 15.41 the sets ^Cx 
defined there are precisely the left cells contained in 91(A).) By Remark 13. 51 
we also have x ~£ d. So (P5), (P7), (P13) show that 



By (P4), we have a(x) = a{z ^). Hence the above identity implies that 




if X ~£ y \ y z ^ z ~£ X 
otherwise. 



1 



Now, since d = d 



7x,d,x-i = lx-\x,d = nd = ±1. 
^ Vi X ~7e z""*^ and y ~£ z^"^, we have 
hx4,x = hx^y^z-^'-> see CoroUarv 15.81 



lx,y,z 



constant term of v^^^ ^^h. 
constant term of v^^''^^ a 



■x,y,z 



-1 



as desired. 
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Finally, we show that rid = I for any d ^ V. Let A € A„ be such that 
d G 9^(A) and write d = 'wx{j,j) where 1 ^ j ^ dx. We consider the element 
XjWx = WA(j, 1) where Xj G Xx] see Remark 13.91 Using the description of 
in Lemma 12.81 and the multiplication rules in (|2.2)) , one easily shows 

that 

n r' — c p. r< 

Thus, we have 

"-XjWxtWxtXjWx — -'A' 

Now, by Remark 13. 5[ we have xjWx d. Furthermore, since wxxj^ = 
{xjWx)~^ = wx{l,j), we have wx ~7e wxxj^ ~£ d. Hence Corollary 15.81 
implies that 

"'x,wx,wxx';^4 ~ "'XjWx,wx,XjWx — " ^A- 

By (P4), we have a(d) = aL{xjWx) and this equals a(A) = l{wx), as we have 
seen at the beginning of the proof. Since Px is a polynomial with constant 
term 1, we now conclude that 



'^]Wx,wxx. ',d ixjwx,wx,wxx. ^ ^■ 



By (P5), the left hand side equals n^. Thus, = 1. □ 
We can now also determine the sign in Theorem 14. 101 and Corollarv 14.111 
Corollary 5.11. We have = ! for all w E S„. 

Proof. Let A G be such that w G 9^(A) and write w = •wx{i,j) where 
1 ^ ^ dx- Then we have 

e^,PxZ^ = v^'^'"^^C^.^,C -1 = y e^.e^.e^v^'^'"^'' h -i C^. 

UIX 1^ XilVX WxX- / J -^3 ^ XiWx,WxXj ,z ^ 

On the other hand, by Theorem I4.iur a'). we have = rj^C^ modTV''^ 
where r]^ = ±1. Using Theorem 14. lOr b) . we conclude that 

^A ^wx Vw = ^Xi £xj ^wV ^ ^XiWx,wxxJ^,w- 

By Theorem 15.101 we have a{w) = a(A) = l{wx)- Hence, taking constant 
terms on both sides of the above identity, we obtain 

Vw = £xi £xj £w £wx 'yxiWx,wxx-'^,w-'^- 

Now, in Theorem l5.10l we also have seen that the constants 'Jx,y,z are either 
or 1. This yields that 

Vw ^Xi ^Xj ^Wx ^W' 

Now let <t be the left cell containing wx and £i be the left cell containing 
wxx'J^ . Then we have a bijection C ^ as in Corollarv 15.81 Under this 

bijection, wx & ^ corresponds to wxx'j'^ G Ci, and XiWx G <t corresponds to 
w ^ Since that bijection is the composition of a finite number of star 
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operations, a correspondingly repeated application of the relation in (|2.(i|) fd) 
yields 

l{wx) + l{xiW\) = l{w\x~^) + l{w) mod 2. 
Consequently, we have r/^ = 1, as desired. □ 
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